A tight-binding model is fit to first-principles calculations for copper that include structures distorted according to elastic constants and highsymmetry phonon modes. With the resulting model the first-principlesbased phonon dispersion and the free energy are calculated in the quasiharmonic approximation. The resulting thermal expansion, the temperatureand volume-dependence of the elastic constants, the Debye temperature, and the Grüneisen parameter are compared with available experimental data.
Phonons play a major role in the calculations of thermodynamic quantities, and the TB fits are adjusted to more accurately calculate them. Structures corresponding to highsymmetry phonon modes are shown here to aid in refining the model; the resulting phonon density of states can then be used to determine the free energy and hence all thermodynamic quantities of interest. The precision required to calculate phonon frequencies is an order of magnitude higher than that for the lattice constant or bulk modulus, 9 making this a stringent test for the validity of the tight-binding approach in general and the copper model in particular.
The ion-ion free energy of Eq. 1 is often separated into harmonic and anharmonic parts,
Normally, the harmonic component is not a function of volume, but is calculated from the effect of small displacements about the zero-temperature equilibrium lattice. In our calculations, we use the quasi-harmonic approximation, which considers small displacements at any fixed volume (lattice constant) within the harmonic approximation, and hence our phonon frequencies become volume dependent. However, our phonon frequencies are calculated at zero temperature for any given volume, and are not temperature dependent.
The anharmonic part of the free energy involves terms that arise from the potential energy of the lattice when it is expanded beyond the harmonic part to higher than second order.
Such terms are needed at high temperatures, when the phonon amplitudes are large, and ultimately lead to melting. They are also needed to explain thermal expansion effects when the harmonic part is based on the equilibrium volume. The quasi-harmonic approximation can handle thermal expansion and the Grüneisen parameter accurately through the volume dependence of the phonons at low temperature. At sufficiently high temperatures, the quasi-harmonic approximation breaks down when the phonon amplitudes become large, and additional anharmonic phonon-phonon corrections are necessary (as indicated in Eq. 2). We have not included these anharmonic types of effects in our calculations. Hence we always set F A (V, T ) = 0, and our calculations will become less reliable at very high temperatures (near melting).
In the following section we introduce the basic ideas of the tight-binding method and the first-principles method used to generate the fitting database, and then describe our TB fitting procedures. In the subsequent section we present calculated results for the thermodynamic properties and compare them with experiment.
II. FITTING THE MODEL
A. Tight-binding electronic structure
The tight-binding approach is essentially a parameterized version of the first-principles calculations and hence is orders of magnitude more computationally efficient. In DFT methods the secular equation,
is constructed directly from approximate solutions to the full many-body Hamiltonian, and involves a self-consistent potential that is solved iteratively; whereas in the TB approach the elements of the Hamiltonian (and the overlap matrix) themselves have been parameterized. Only two-center terms are considered. 10 For the non-orthogonal tight-binding model described here this requires 73 fitted parameters.
Of those parameters, thirty each are used to describe the inter-site matrix elements of the Hamiltonian and of the overlap matrix. For each combination of symmetries (ll ′ m) the
where f c = 1/(1 + e 2(r−r 0 ) ) is a multiplicative factor included to ensure a smooth cutoff with increasing distance. In our calculations we have set r 0 = 16.0 Bohr radii.
The remaining 13 parameters determine the on-site terms, which allows the parameterization to be applied to structures not included in the fitting database. A measure of the valence electron density,
where r ij is the interatomic distance, serves to describe the on-site energy,
for the three orbital types α, i.e., s, p, and d. These terms are somewhat similar to an embedded-atom-like form in that the energy changes depending on the nearby arrangements of atoms, and may approximately account for self-consistency effects as the atoms move around.
B. Full potential LAPW method
The first-principles quality of the tight-binding model results from fitting to full potential linear augmented plane wave (LAPW) calculations using the reliable WIEN97 program suite. 12 The parameters for the first-principles calculations are listed in Table I .
The LAPW method divides space into spherical regions centered on the atoms and the remaining interstitial region. The radius of the spheres, the muffin-tin radius R m , must be chosen such that the spheres do not overlap. The basis functions used to represent the wave function are adapted to the regions: radial solutions to the Schrödinger equation in the spheres, plane waves in the interstitial region. The wave functions then are found iteratively within density-functional theory, constrained to match at the boundaries of the different regions.
C. Initial Fitting Procedure
We first fit the TB method to predict energy differences between the ground-state and non-equilibrium structures. The fitting database included first-principles energies calculated for the cubic structures. In addition to the total energies of these structures, it proved to be crucial to fit the energy bands at high-symmetry points in reciprocal space. The total energies and the band energies can be calculated by starting with a very crude initial tight-binding model that ignores intersite terms; 15 the errors are then minimized utilizing standard nonlinear least squares algorithms.
18 Figure 1 shows the T = 0 phonon dispersion for fcc copper calculated with the initial model. 15 The long-wavelength modes near Γ are well described, the short-wavelength modes near the zone boundary display somewhat high frequencies, in particular the longitudinal modes.
The reasonable agreement for phonons near the zone center Γ can be understood by considering the elements of the fitting database. The bulk modulus, i.e., a linear combination of the elastic constants, is implicitly included in the fit. While this does not guarantee accurate elastic constants, i.e., good agreement for the slopes of the dispersion near Γ, it does set the right scale. Furthermore, the fit includes the bcc structure, which is related to the fcc crystal by a tetragonal strain corresponding to the long-wave-vector limit of the longitudinal mode in the [00ξ] direction. The database lacks any information related to the short-wave-vector modes.
D. Fitting procedure with distorted structures
In order to construct a model with an improved phonon dispersion the database was expanded to include additional information on the phonons, in particular, structures that are snapshots of the crystal deformed by particular phonon modes, i.e., frozen phonons.
The undistorted and distorted crystal structures are treated on the same footing in the first-principles calculations and the fitting procedure, implicitly including the differences in energy and hence the frequencies of the phonon modes.
The longitudinal and the transverse mode at the high-symmetry point X (q = (0, 0, 1))
were chosen because of the large discrepancy in frequency (see Fig. 1 ) and because the distorted structures require only a doubling of the unit cell. These distorted structures are considered as additional, distinct structures in the database, to be fit to over a range of volumes.
The initial fit for copper already contains some of the character of distortions related to the elastic constants: the bulk modulus is explicitly included in the energy as a function of volume, and the tetragonal distortion of the fcc crystal is somewhat reflected by fitting to the bcc structure. For completeness, tetragonally-and trigonally-distorted fcc crystals were added to the fit as distinct structures. These additional structures barely influence the model resulting from the fit; however, the fitting process converges much more quickly when they are included.
The cubic structures that were included in the initial fit differ from each other by an energy scale of fractions of electron volts. Phonons require a model tuned to discern energies on a scale that is approximately an order of magnitude smaller. This could be a problem since the minimization procedure tends to ignore small energy differences. For frozen phonons at the zone boundary, where neighboring atoms move against each other, it turns out that amplitudes which are still within the harmonic regime can produce energies that differ from the undistorted structure by fractions of electron volts. The distortions corresponding to elastic constants, however, need to be exaggerated for them to give large enough energy differences. The trigonal distortion used here compresses the base angle from 90
while the tetragonal distortion changes the c/a ratio from unity to 1.9. Including the distorted structures in the fit improves the transferability of the model. Figure 4 shows the improved agreement between tight-binding and first-principles energies for the diamond structure, which is not included in the fit. The transferability to a structure of such a different coordination is not guaranteed, and our initial model did not reproduce the diamond energies well, nor did the model of the NRL group. The distorted structures added to the fit indeed make for a model that is better suited for phonon calculations. However, while the additional constraints improve the total energies described by the model, the electronic band structure deteriorates. Figure 7 shows the electronic band structure along two sample high-symmetry directions of fcc copper at the experimental volume. While the initial model agrees well with the first-principles band structure, the model improved for thermodynamic quantities loses the good agreement.
The resulting electronic density of states, shown in Fig. 8 , shows the same discrepancy;
however, the density of states at the Fermi energy is quite similar, which is important for the temperature-dependent influence of the electrons (see below). It is possible that a better or more flexible functional form for the distance dependence of the intersite Hamiltonian and overlap matrices are necessary to keep the good transferability and the good agreement with the individual energy bands.
III. CALCULATIONS WITH THE TB MODEL A. Force Constants
The force constants are calculated from the tight-binding model by the direct-force method, [21] [22] [23] [24] which relies on evaluating the forces on all atoms in a simulation cell in which a reference atom (0, i) has been displaced. The large simulation cell consists of primitive cells transposed by vectors ℓ. Due to periodic boundary conditions on the simulation cell, the force on an atom (ℓ, j) is in response to the displaced reference atom (0, i) as well as its images transposed by vectors L,
i.e., we are actually calculating the cumulant force constant,
The components of the cumulant force constant are, in the harmonic regime, given by
The calculation of the Hellmann-Feynman forces in the tight-binding approach is achieved by evaluating the analytic derivatives of the Hamiltonian and overlap matrix elements and of the onsite terms.
The frequencies of the phonons with a given wave vector q are found by diagonalizing the corresponding dynamical matrix, D (q), which in turn is the Fourier transform of the system's force constants,
If the force constants are known for every pair of atoms, the dynamical matrix and hence the frequencies are easily evaluated for any wave vector.
The direct-force method is exact within the quasi-harmonic approximation and the par- For all calculations the simulation cell contained 108 atoms and a mesh of 4 × 4 × 4 k-points was used.
B. Thermodynamics
As indicated by Eq. 1, the free energy is the internal energy from the tight-binding calculation with entropic terms added from the electrons and the ions. In both terms the relevant physical quantity is the density of states (DOS). The electronic DOS, n(E), the occupation of which is given by the Fermi distribution
determines the electrons' contribution to the entropy,
The phonon DOS, g(ω), contributes through the zero-point energy,
as well as the temperature-dependent free energy,
Both DOS are calculated in the tight-binding calculations, the phonon DOS comes from evaluating the dynamical matrix for a fine mesh of wave vectors in the first Brillouin zone, and the electronic DOS results similarly from evaluating the eigenvalues on a fine mesh. The contribution to the free energy from the electrons is on the order of a few percent of that of the phonons, although at low temperatures (where both contributions are very small) and small volumes the percentage rises to about 10%. Figure 9 shows the resulting free-energy as a function of volume for temperatures between 0 K to 1400 K (at ambient pressure copper melts at 1356 K; melting is an anharmonic effect that lies outside the scope of the quasi-harmonic treatment) in 100 K increments.
A comparison with the free energy for the bcc phase shows the fcc structure at lower free energy for all temperatures and volumes, indicating that the model agrees with experiment in that respect. 
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The bulk modulus is related to two of the elastic constants by B(T ) = 1 3
(C 11 (T ) + 2C 12 (T )). The temperature-dependence of the other elastic constants, determined by tetragonal (C 11 (T ) − C 12 (T )) and trigonal strain (C 44 (T )), is calculated in two steps. The T = 0 value results from calculating the energy of the appropriately strained crystal and finding the quadratic change. The temperature-dependent value is calculated by following the same procedure but with the free energy of the strained crystal, which is found by calculating the phonon DOS of that structure and then evaluating Eq.14. Figure 11 shows the calculated temperature-dependence of the elastic constants. The thermal expansion is implicitly included in the calculation of the bulk modulus, a derivative with respect to the volume. For the trigonal and tetragonal strain the thermal expansion is accounted for by finding the equilibrium volume for each temperature and then calculating the effect of the strain on the free energy of that volume. Figure 12 shows the calculated T = 0 elastic constants as a function of volume.
The phonon characteristic temperatures, which are defined as moments of the phonon density of states,
and
are shown in Fig. 13 . The approximate rule of thumb θ 2 ≈ θ 1 ≈ e 1/3 θ 0 holds nicely for the calculated values (inset).
At temperatures below the phonon characteristic temperatures individual phonon modes must be considered separately, because they contribute to the crystal's thermal properties with weights depending on their frequency relative to the temperature. The weight of a mode of branch s with wave vector q is determined by the heat capacity for that mode,
The sum of these individual heat capacities as a function of temperature agrees well with calorimetric data; the comparison is plotted in Fig. 14 in terms of the Debye temperature θ D , which is found such that the Debye model's heat capacity
is the same as the heat capacity calculated for the tight-binding model at the same temperature.
The shape of the Debye temperature plotted against temperature remains very similar with compression; the curve itself is shifted upwards with the same volume-dependence as the characteristic phonon temperatures.
The heat capacity of each individual phonon mode, combined with the Grüneisen Parameter of that mode,
determines the Grüneisen Parameter,
At high temperatures (T > θ 2 ), where all phonon modes contribute equally,
At low temperatures only the acoustic phonon modes contribute. At low temperatures the phonon contribution to the heat capacity is proportional to T 3 and vanishes more rapidly than the electronic contribution, which is linear in temperature. Figure 16 shows the calculated coefficient of the electronic contribution to the heat capacity,
which is proportional to the density of states at the Fermi energy, n(E F ). Compression of the crystal reduces n(E F ), i.e., γ el decreases monotonically.
IV. SUMMARY
The work presented here is aimed at (1) improving the tight-binding fit of copper specifically for the calculation of thermodynamic properties, and (2) investigating the transferability and range of applicability of the improved model.
For the model to be reliable in calculating thermodynamic properties, it must produce a phonon dispersion in good agreement with experiment. The initial model was fit to first-principles calculations of the total energy at a series of different volumes for the cubic crystal structures. The database of first-principles calculations was extended here to include fcc structures distorted to reflect high-symmetry phonon modes and the elastic constants;
fitting to the extended database yields the improved model which indeed delivers phonon frequencies significantly closer to the experimental values.
From the phonon density of states the free energy was calculated, in the quasi-harmonic approximation, as a function of volume and temperature. The temperature-dependence of the minimum of the free energy directly yields the thermal expansion and the linear expansion coefficient, both in good agreement with experiment. The elastic constants are somewhat improved over the initial model, though discrepancies with experiment remain evident.
The quantities in the previous paragraph depend on volumes only in the vicinity of the T = 0 equilibrium volume. The volumes used for the cubic and the distorted fcc structures in the fit extend over a wide range; the equilibrium volume is not treated any differently than other values (down to 9.7Å 3 , the smallest volume for which distorted structures were fit). This gives some confidence that the model applies to a range beyond the equilibrium volume and its immediate vicinity.
Within the quasi-harmonic approximation the volume dependence of the phonon fre-quencies gives a non-zero Grüneisen parameter; the results calculated from the TB model roughly agrees with the empirical γ · ρ = constant. The magnitude is somewhat low, i.e., the compression-induced stiffening of the crystal remains somewhat weaker than is experimentally measured.
The compression at which the model clearly fails can be seen from the Grüneisen parameter as well as the volume dependences of the elastic constants, the electronic contribution to the heat capacity, and the characteristic phonon temperatures. All of these entities vary monotonically with compression until the volume reaches approximately 8Å 3 , i.e., a density of roughly 13 g/cm 3 , at which point unphysical behavior appears.
The unphysical behavior points to the limitations of the model. The Hamiltonian and overlap matrix elements are described by a functional form which can at best approximate the actual behavior within a limited range. For an extended range either the functional form must be modified, e.g. by including higher-order terms in Eq. 4, as has been done in a more recent NRL TB copper potential used in Ref. 5 . The need for modification can also be seen in the electronic band structure, which is degraded by the fitting to distorted fcc structures. 
